ABSTRACT We show that the commonly used Rayleigh-Debye method for calculating light scattering can lead to significant errors when used for describing scattering from dilute solutions of long rigid polymers, errors that can be overcome by use of the easily applied Shifrin approximation. In order to show the extent of the discrepancies between the two methods, we have performed calculations at normal incidence both for polarized and unpolarized incident light with the scattering intensity determined as a function of polarization angle and of scattering angle, assuming that the incident light is in a spectral region where the absorption of hemoglobin is small. When the Shifrin method is used, the calculated intensities using either polarized or unpolarized scattered light give information about the alignment of polymers, a feature that is lost in the Rayleigh-Debye approximation because the effect of the asymmetric shape of the scatterer on the incoming polarized electric field is ignored. Using sickle hemoglobin polymers as an example, we have calculated the intensity of light scattering using both approaches and found that, for totally aligned polymers within parallel planes, the difference can be as large as 25%, when the incident electric field is perpendicular to the polymers, for near forward or near backward scattering (00 or 1800 scattering angle), but becomes zero as the scattering angle approaches 900. For randomly oriented polymers within a plane, or for incident unpolarized light for either totally oriented or randomly oriented polymers, the difference between the two results for near forward or near backward scattering is -15%.
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INTRODUCTION
Fibrous proteins that can be described approximately as long rigid cylindrical polymers appear in many biological contexts, showing a large range of diameters and lengths and biological functions. Some of these are an integral part of the structure, such as intracellular cytoskeletal structural proteins, including actin (in microfilaments of 7-9 nm in diameter) (O'Brien and Dickens, 1983) , tubulin (in microtubules of 25 nm in diameter) (Amos, 1982; Purich and Kristofferson, 1984; Mitchison and Kirschner, 1984a, b) and intermediate filaments (7-11 nm in diameter) (Steinert, 1981) . Also in this category are myosin filaments (110-150 nm in diameter) (Craig and Knight, 1982) , which work in association with actin in muscle and many microscopic forms of cell motion; collagen (10-500 nm in diameter) (Serafini-Fracassini, 1982; Traub and Piez, 1971 ), a fibrous proteins of connective tissue and a major component of the cornea (Maurice, 1957 (Maurice, , 1962 Goldman and Benedek, 1967; Hart and Farrell, 1969; Cox et al., 1970; Benedek, 1971; McCally and Farrell, 1976; Farrell and McCally, 1976; Andreo and Farrell, 1982) ; crystallin (Delaye and Tardieu, 1983) , an eye lens protein; and fibrin (Casassa, 1955; Hantgan and Hermans, 1979) , a plasma protein.
Others are destructive, leading to disorders and diseases. These include sickle hemoglobin (20 nm in diameter) (Dykes et al., 1979) , which as the result of a mutation forms fibers that rigidify the red blood cell and lead to sickle cell disease; many types of viruses, especially tobacco mosaic virus (15 nm) (Oster et al., 1947) ; and amyloid (4-22 nm in diameter) (A. S. Cohen et al., 1982) , the fibrous tissue of amyloidosis, a disorder widespread in the animal kingdom. In order to calculate light scattering from a dilute solution of fibers from any of these systems, it is necessary to know only the dimensions and dielectric function or index of refraction of the fibers.
Elastic light scattering and turbidity have been widely used as a probe of the formation of fibers in solution since they can give information about the quantity of material polymerized, and if used to study the evolution of a system over time, provide information about the kinetics of polymerization. For example, studies have been done with epidermal keratin intermediate filaments (Steinert et al., 1976) , actin (Wegner, 1982; Wegner and Savko, 1982) , microtubules (Gaskin et al., 1974 , Berne, 1974 , collagen in the cornea (Maurice, 1962; Hart and Farrell, 1969; Benedek, 1971; McCally and Farrell, 1976; Farrell and McCally, 1976 ; Andreo and Farrell, 1982) ; crystallin (Delaye and Tardieu, 1983) , fibrin (Casassa, 1955; Hantgan and Hermans, 1979) , tobacco mosaic virus (Oster et al., 1947) , and sickle hemoglobin (Pumphrey and Steinhardt, 1976; Hofrichter et al., 1978; Elbaum et al., 1978; Adachi and Asakura, 1978 Ferrone et al., 1980; Christoph and Briehl, 1983; Madonia et al., 1983; Ferrone et al., 1985a; Hofrichter, 1986; Briehl and Christoph, 1987; Ferrone, et al., 1987; Basak et al., 1988) . If the polymerized particles are nonspherical in shape, analysis of the angular distribution of scattering, the wavelength dependence, and the polarization of the scattered light can give information about the shape and alignment of polymers (van de Hulst, 1981 ; Bohren and Huffman, 1983; Camerini-Otero and Day, 1978; Berne, 1974) . This paper shows that the usual Rayleigh-Debye approximation (Zimm et al., 1945; Debye, 1947; Zimm, 1948; Debye and Bueche, 1950; Zimm and Dandliker, 1954; Landau and Lifshitz, 1960; Tanford, 1961; Kerker, 1969; Kratochvil, 1972; Berne, 1974; Berne and Pecora, 1976; van de Hulst, 1981; Bohren and Huffman, 1983; Burchard, 1983) for the analysis of polarized elastic light scattering from polymers can lead to significant errors, both qualitative and quantitative. The paper further shows that some of these can be overcome with the use of the equally simple Shifrin approximation (Shifrin, 1951) , as modified by Acquista (1976 Acquista ( , 1980 and L. D. Cohen et al. (1983) , which yields the same result as the exact solution of Maxwell's equations (Mie theory) where that is available. We will assume here that the concentration of polymers in solution is sufficiently dilute that the polymers scatter independently, so that the total intensity of light scattering, i.e., the turbidity, is simply proportional to the concentration of monomers incorporated into polymers.
As a qualitative illustration of these theoretical limitations of the Rayleigh-Debye method, we will consider sickle hemoglobin, which polymerizes when deoxygenated into long rigid polymers. (Ferrone et al., 1980 (Ferrone et al., , 1985b (Ferrone et al., , 1987 Hofrichter, 1986, Eaton and Hofrichter, 1987; Basak et al., 1988) . In the early stages of polymerization of sickle hemoglobin, i.e., the first 10% of the reaction, the concentration of polymers is sufficiently low that the assumptions of this paper should apply, even if the polymers form clumps of aligned polymers such that the radii of clumps are much less than the wavelength of light. In addition, if the samples are prepared in a high phosphate solution, the concentration of polymers remains low throughout the time course of the reaction (Adachi and Asakura, 1978 (Landau and Lifshitz, 1960; Tanford, 1961; Kerker, 1969; van de Hulst, 1981; Bohren and Huffman, 1983) ,
where a is the polarizability of the particle, ko = 27r/X is the wave vector of the incident light, r is the distance from the scattered particle to the observer, and 0 is the angle of scattering relative to the incident beam. If the particle is assumed to be spherical with radius a, and if ma, the index of refraction inside the particle divided by the index of refraction of the surrounding medium, is close to one, i.e., ma z 1, then a is given by a = a3(ma -1)/(m' + 2) -(V/2wr)(ma -1). (2.2) where V = (47r/3)a3 is the volume of the particle. In order for the Rayleigh approximation to be valid, one must satisfy both the conditions that a << X/2r and that (ma -1) la << X/27r, i.e., not only should the particle be small compared with the wavelength outside the particle, but also compared with the wavelength inside the particle.
In Rayleigh-Debye scattering (Zimm et al., 1945; Debye, 1947; Zimm, 1948; Debye and Bueche, 1950; Zimm and Dandliker, 1954; Landau and Lifshitz, 1960; Tanford, 1961; Kerker, 1969; Kratochvil, 1972; Berne, 1974; van de Hulst, 1981; Bohren and Huffman, 1983) , larger particles are assumed to be composed of arrays of small spherical particles, each with a polarizability a as given in Eq. 2.2 above, with the approximation that the index of refraction should not vary appreciably from that of the surroundings, i.e., 1(ma -1) < 1. However, the conditions stated above for Rayleigh scattering must now be satisfied by the largest dimension of the particle. Because of the simplicity of this method, the results are used in a wide range of applications, and unfortunately often beyond this domain of validity. In the following sections, we will discuss some of the consequences of this misuse.
In order to illustrate the Rayleigh-Debye method, we begin with the introduction of a coordinate system in which we allow a specific polarization for both the incident and scattered light beams (See Fig. 1 Note that when 0 = 0 (forward scattering), the scattered field is parallel to the incident field. This will not necessarily be true in the Shifrin method, as we will see.
For scattering from a circular cylinder, the angular scattering form factor f(0, 4) may be obtained by the following procedure. First perform the integration given by Eq. 2.6a over a representative circular disk of radius a, with y extending from the center of the disk to the radius, and second, sum all the disks along the length of the cylinder, with z ranging from -Q/2 to Q/2. The total expression then becomes to ir without affecting the position of this scattering peak. The physical consequence of this is that light is scattered mostly in directions perpendicular to the cylinder axis. In order to compare the angular dependence of Rayleigh-Debye scattering for a cylinder with Rayleigh scattering from a sphere, it is useful to write the ratio of the scattered to incident intensities for Rayleigh-Debye scattering, which comes simply from combining Eqs. 2.8 and 2.11:
For unpolarized (natural) incident light, one must average over all angles -y, yielding the result: Eq. 2.1. For particles oriented randomly, this factor must be averaged over all solid angles, giving the factor P(0) by which the intensity of the Rayleigh formula has to be multiplied in order to obtain Rayleigh-Debye scattering: (2.20) where the values of 0 and X are fixed and the integration over the solid angles (dQ) represents an average over all the orientations that the particles can have. For thin rods, using Eq. 2.15, this becomes
This same result, with randomly oriented cylinders and unpolarized incident light, has been obtained by other methods (Zimm et al., 1945; Debye, 1947; Zimm, 1948; Debye and Bueche, 1950; Zimm and Dandliker, 1954; Landau and Lifshitz, 1960; Tanford, 1961; Kerker, 1969; Kratochvil, 1972; Berne, 1974; Berne and Pecora, 1976; van de Hulst, 1981; Bohren and Huffman, 1983) . In these derivations one usually obtains first an expression for P(0) for any set of randomly oriented particles, given by n n
where n is the number of scattering subunits, h1 is the distance between the ith and jth subunits, and ,u = (4 7r/X) sin (0/2). We will not use this approach, since we are interested in determining whether the polymers align, where the use of polarized incident and polarization analyzed scattered light is important.
SHIFRIN METHOD
One of the limitations of the Rayleigh-Debye method is the restriction on the dimensions of a particle, all of which must be smaller than the wavelength of light. Another method, originally introduced by Shifrin (1951) and more recently extended by Acquista (1976 Acquista ( , 1980a Alternatively, the simplest solution of the integral equation would be to substitute the zeroth order electric field (i.e., the incident electric field) into the integral and iterate. The first approximation in this scheme is actually the Rayleigh-Debye result (Acquista, 1976) , as we will show later. For a long cylinder, the convergence of such a scheme is slow, while for the Shifrin approach, which employs the internal solution for an infinite dielectric cylinder in a uniform electrostatic field, the convergence is improved considerably for long cylinders. In fact, L. D. Cohen, et al. (1983) have shown that convergence is greatly enhanced for cylinders with an aspect ratio (length to diameter ratio) of 20 or greater, with the first order approximation yielding an accuracy of better than 1%, for (e/,) = 1.5. [In the case of HbS polymers, (e/es) = 1.27, as shown in the Appendix, which should allow the same accuracy with much smaller aspect ratios.]
The static polarizability for an infinitely long dielectric cylinder was used in this approximate scheme to obtain El (r), thejth component of the total electric field in terms of ECffj(r), the components of the effective polarizing field inside the cylinder. Using the Cartesian coordinates in the cylinder coordinate system, this relation is: El(r) = E AjjECff,J(r), (3.8a) where (Acquista, 1976 In order to compare with Rayleigh-Debye scattering, we make the approximation ma ' In the Shifrin method, as outlined in Sec. III, the scattered intensity has been found in spherical coordinates for a cylinder of finite length Q, and the reference polarizations were found with respect to the scattering plane, rather than to the cylinder axis. In order to compare these two methods, we will start with the Shifrin expressions, take the limit as Q approaches infinity, and convert to the cylindrical coordinates of the Mie method.
Since where Q/a, the ratio of the length to radius of the cylinder. We first convert to Cartesian coordinates, as shown in Fig. 1 , with XT along the length of the cylinder, and then make the replacement XT z, and z --x, in order to convert to the coordinates of the cylinder. The relevant quantity inf(0, 4), given in Eq. 2.17 for thin rods at normal incidence, then assumes the form L -cc, so that rim Lf2(6, <;) -lim {sin2 [(13z,/2r Fig. 2 b. This was the experimental setup used by Kam and Hofrichter (1986) in their study of inelastic light scattering from HbS polymers, although in that experiment the concentration of polymers was too high for our theory to be valid. Before we present the results of calculations comparing the Shifrin and Rayleigh-Debye methods, we will calculate the theoretical limits of applicability for the Rayleigh-Debye method, as presented in Sec. II, i.e., Im -1I << 1 and kod Im -1I << 1, where d is a characteristic linear dimension of the particle. As shown in the Appendix, for a concentration c = 40 g/dl, the ratio of the index of refraction of hemoglobin relative to its surrounding solution is ma -1. 13, so that ima -11= 0. 13, which is nearly out of the range of limitation of the first condition. The diameter of an Hb polymer is d -200 A (Dykes et al., 1979) so that for a wavelength Xo = 5,145 A (Ferrone et al., 1985a) , the quantity kod ma -II evaluated with this diameter yields a value of about 3 x 10-2, which is well within the range of validity. However, for polymers that have aspect ratios of 20, L -4,000 A, which means that koL Im -II = 0.7, definitely out of the valid range.
For an aspect ratio of 100, the situation is even worse, since L -20,000 A and koL Im = 3. We will show that for cylinders long compared to the wavelength of light, because of the breakdown of these conditions for the validity of the Rayleigh-Debye approach, the differences between the two methods can be significant, both qualitatively and quantitatively. By contrast, for aspect ratios of 20 or greater, the Shifrin model, as presented in Sec. III and applied to polymers long compared with the wavelength, works well.
In Fig. 3 , we plot two orthogonal components of the intensity of scattered light versus polarization angle, calculated by the Shifrin method. The upper solid curve is the component of light scattering from aligned polymers polarized the same as Rayleigh-Debye scattering, calculated from Eq. 3.22 of Sec. III, and the lower solid curve, magnified by a factor of 100, is the rotated component, calculated from Eq. 3.23. The upper and lower dashed curves are the corresponding results for randomly oriented polymers within planes perpendicular to the incident beam, or, equivalently, for unpolarized incident light with any configuration of polymers within the planes, or for unpolarized light incident on aligned polymers within a capillary tube. These were calculated from Eqs. 3.24b and 3.24c. Results were normalized by the magnitude of Rayleigh-Debye scattering at (4' -y) = 00, the angle at which the electric field is parallel to the aligned polymers. If the two methods produced identical results, the component of light scattering calculated by the Shifrin method that is polarized parallel to that of Rayleigh scattering should be unity for all polarization angles, and the rotated component should be zero. However, note that when the polymers are aligned, the Shifrin method gives a value of -0.75 for the polarized component when the electric field is perpendicular to the cylinders. In addition, a small rotated component emerges. Even for random orientations within planes or for unpolarized incident light, the magnitude of the parallel polarized component is reduced below that for Rayleigh-Debye scattering, and the rotated component is nonzero.
In Fig. 4 , we plot the total intensity for scattering from aligned polymers as a function of scattering angle for both the Shifrin and Rayleigh-Debye methods, for several polarization angles. The solid curves were calculated with the Shifrin method, using Eq. 3.19 of Sec. III, and the dashed curves with the Rayleigh-Debye method using Eq. 2.18 of Sec. II. When the scattering angle is in the near forward or near backward directions, the difference between the two methods is the greatest i.e., almost 25%, with agreement occuring when the scattered light is perpendicular to the incident beam. In Fig. 5 , we plot the same quantities for either polymers randomly oriented within their planes or for unpolarized light incident on aligned polymers. The solid curves were calculated with the Shifrin method using Eq. 3.24a of Sec. III, and the dashed curves were calculated with the Rayleigh-Debye method using Eq. 2.19 of Sec. II. Even for this case, for near forward or backward scattering, the difference is almost 15%.
In order to calculate magnitudes of scattered light, we note that if we multiply the expressions in Secs. II and III by r2, we obtain the time averaged energy scattered into an infinitesimal solid angle dg in the direction of er, i.e., at the scattering angles 0 and 4. If this were integrated over the solid angle of aperture of the detector, then this would be the actual experimentally measured quantity. If we assume that the polymers are long compared with the wavelength of light, then the expression for f(0, k) given by Eq. 2.17 peaks sharply at (4 -Oj = 900, and we can use the limiting form given by Eq. 4.16 . It is then most convenient to convert to cylindrical coordinates, as in Sec. . In order to obtain the magnitude of scattering from a solution of polymers, we assume that, because the solution is dilute, the intensities simply add, so that we need merely multiply Eq. 5.1 a by the total number of polymers in the scattering volume. This number is more conveniently expressed in terms of the volume fraction f of the solution occupied by hemoglobin molecules (free or bound in polymers), and the fraction tq of hemoglobin that is bound in polymers. Using f= cO/cmax, where co is the total Hb concentration and cmax = 127 g/dl is the maximum concentration if the total volume were hemoglobin, as discussed in the Appendix, fand v can, in turn, be related to g, the fractional extent of the reaction, as f n = M(cO-C.)/C. Integrating over all angles from 0 to 27r produces (P5Xt/ Pinc), the total fraction of power extinguished from the incident beam for oriented polymers, from Eq. 5.3, or for randomly oriented or unpolarized incident light, from Eq. (Ferrone et al., 1985a, b) , or for polymerization occurring in high phosphate solutions (Adachi and Asakura, 1978 , 1979a . Experiments for concentrated solutions of hemoglobin (Ferrone et al., 1987; Basak et al., 1988) (Bruggeman, 1935; Landauer, 1978) . This is superior to the Maxwell-Garnett approximation because it is applicable to high concentrations of hemoglobin (i.e., large volume fractions), whereas the Maxwell-Garnett approximation would only be valid for low concentrations (small volume fractions) (Maxwell-Garnett, 1904; Landauer, 1978) . This approximation requires that the dipole moments of all the particles comprising the effective medium, in which each particle is assumed to be embedded in the effective medium, must sum to zero. Suppose we consider a solution of hemoglobin monomers to be composed of spherical hemoglobin particles of dielectric constant EH (A.8) where, as before, Ew = nm. In order to evaluate Eq. A.8, we require a value for c,,, the maximum concentration of hemoglobin, which can be obtained from the specific volume, V = 0.79 cm3/g. This value has been determined by fitting the monomer activity coefficient with a theoretical expression for the activity coefficient for monomers in powers of the concentration (Ferrone et al., 1985b; Minton, 1983; Ross and Minton, 1977; Ross et al., 1978; Sunshine et al., 1982) . In this case, c. = (1/V) = 127 g/dl, which yields a value of EH -2.54.
In order to study light scattering for a polymer immersed in a solution of hemoglobin, we actually require the ratio of the dielectric constant of hemoglobin to that of the solution i.e., EH/Em. The results of calculating Em from Eq. A.5, with EH = 2.54 appear in Fig. 6 . For c = 40 g/dl, Em = 2.00, so that EH/Em = 1.27 or nH/nm = ma = 1.13. This is the value that has been used in the light scattering calculations of Sec. V.
The calculations that we present here were performed with the assumption that the effects of absorption can be neglected, so that the dielectric constant and index of refraction have been assumed to be real. In the presence of absorption, since the index of refraction is complex, n = nR + in,, with the absorption coefficient -y directly proportional to n, i.e., y = 47rn1/X, where A is the wavelength (van de Hulst, 1981, p. 267) . Using values for the absorption coefficients of hemoglobin crystals , we find that for X = 5,145 A, y = 250 cm-' and n, 10-3 and for A = 4,300 A (the peak of the Soret band), =104 cm-' (forE || c* axis) and n1 0.03. For X = 5,145 A, n, is small compared with nR = 1.59, so that it can be neglected. However, at the peak of the Soret band, n, is sufficiently large that it should be included.
This extension will be considered in future work. 
